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A p-intersection representation of a graph G is a map, f, that assigns each vertex
a subset of [1, 2, ..., t] such that [u, v] is an edge if and only if | f (u) & f (v)| p.
The symbol %p(G) denotes this minimum t such that a p-intersection representation
of G exists. In 1966 Erdo s, Goodman, and Po sa showed that for all graphs G on
2n vertices, %1(G)%1(Kn, n)=n2. In 1992, Chung and West conjectured that for all
graphs G on 2n vertices, %p(G)%p(Kn, n) when p1. Subsequently, upper and
lower bounds for %p(Kn, n) have been found to be (n2p)(1+o(1)). We show in this
paper that many complete unbalanced bipartite graphs on 2n vertices have
a larger p-intersection number than Kn, n . For example, when p=2, %2(Kn, n)
1
2n
2(1+o(1))< 4172n
2(1+o(1))%2(K(56) n, (76) n).  1997 Academic Press
1. INTRODUCTION
In this paper, we study p-intersection representations of simple graphs.
A p-intersection representation of a graph G is a map, f, that assigns each
vertex a subset of [1, 2, ..., t] such that [u, v] is an edge if and only if
| f (u) & f (v)| p. We call the set [1, 2, ..., t] the set of labels. Every graph
has a p-intersection representation, as can be seen by using the edges as
labels and assigning to each vertex the set of edges which are incident to
that vertex. This gives a 1-intersection representation. By adding the same
p&1 new labels to each vertex, we produce a p-intersection representation.
The p-intersection number of a graph G, denoted %p(G), is the minimum t
for which a p-intersection representation of G exists using t labels. From
the above argument, we can see that %p(G)%1(G)+ p&1 for all graphs G.
Also, it is simple to prove that there exists a constant c such that
c%1(G)1p%p(G) for all graphs G ; see [2].
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Determining %1(G) is equivalent to determining the minimum size of a
collection of complete subgraphs such that each edge of G is contained in
at least one subgraph in the collection. Erdo s, Goodman, and Po sa [3]
introduced this question and proved that if G is any graph with n vertices,
then %1(G)wn24x which is achieved by Kwn2x, Wn2X .
It was conjectured by Chung and West [1] that the complete balanced
bipartite graph gives the largest value of %p(G) for all p as it does in the
case where p=1. Theorem 1 gives a class of complete unbalanced bipartite
graphs for which the p-intersection number is larger than the complete
balanced bipartite graphs on the same number of vertices. Let n=2m+m$.
Theorem 1 allows us to conclude that %p(Km, m+m$)>%p(Kwn2x, Wn2X) when
p2 and 0<m$<4m(4p&3), and m is sufficiently large.
Theorem 1. Let p2, p, m, m$ # Z+, m$=O(m), and G=Km, m+m$ .
Then
(m+m$)2
p \1&
p(m$)2
(m+m$)2++
2p&1
p
m+
p&1
p
m$
%p(G)
(m+m$)2
p \1& \
m$
p +
\m+m$p ++ (1+o(1))
where o(1)  0 as m  .
In Section 2, we compare the p-intersection number for the complete
balanced bipartite graph and complete unbalanced bipartite graphs with n
vertices. It remains open whether this is the extremum over all graphs with
n vertices. In Section 3, the proof of Theorem 1 is given. As was done in
[1], we set up a linear programming problem and find a feasible solution
of the dual problem.
2. THE p-INTERSECTION NUMBER OF COMPLETE
BIPARTITE GRAPHS
To compare the p-intersection number of the complete balanced bipartite
graph with that of complete unbalanced bipartite graphs on the same
number of vertices, we use two theorems that give bounds for %p(Kn, n).
First, we use a theorem proved independently by Eaton et al. [2] and
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Fu redi [4], which gives an asymptotic upper bound for %p(Kn, n). For
p2,
%p(Kn, n)
n2
p
(1+o(1)). (1)
In addition, we rely on the theorem of Chung and West [1] that
n2+(2p&1) n
p
%p(Kn, n), (2)
and the theorem of Gantor et al. [5] which gives the exact value of
%2(Kn, n) for all n,
%2(Kn, n)=
n2+3n
2
. (3)
Note that in the above expressions and all of those that follow, p is fixed
and o(1)  0 as m or n goes to .
By (1), we have
%p(Km+(m$2), m+(m$2))
\m+m$2 +
2
p
(1+o(1)),
and Theorem 1 implies that
m2+2mm$+(1& p)(m$)2
p
(1+o(1))%p(Km, m+m$).
Thus, by solving a quadratic equation in m$ we see that
%p(Km+(m$2), m+(m$2))<%p(Km, m+m$)
whenever 0<m$<(4m(4p&3))(1+o(1)). We can also check that the
maximum difference is seen when m$=(2m(4p&3))(1+o(1)).
For the special case when p=2, m$=2m(4p&3), and n=
wm+m$2x8, Eq. (3) and Theorem 1 give
%2(Kn, n)=
n2+3n
2
<
41n2+78n&36
72
%2(KW(56) nX, W(76) nX).
Let %p(n) be the maximum value of %p(G) taken over all graphs G on n
vertices. We will determine %p(n) for p2. Letting n=2m+m$ and
m$=2m(4p&3), Theorem 1 yields the following corollary.
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Corollary 1.
%p(n)
16p2&12p+1
16p(2p&1)2
n2(1+o(1)).
3. PROOF OF THE RESULT
The Lower Bound
Analogous to the characterization of intersection representations by edge
clique covers, there is a characterization of p-intersection representations.
We define an edge p-cover of a graph G=(V, E) to be a family C of
subsets of V, such that
[x, y] # E  |[C # C : [x, y]C]| p.
Edge p-covers [Ci] correspond to p-intersection representations f by
i # f (v) if and only if v # Ci . Thus the minimum number of labels needed in
a p-intersection representation of a graph is the same as the smallest
number of sets used in an edge p-cover.
Let G be the graph G=Km, m+m$ where V(G)=R _ S with |R|=m and
|S|=m+m$. Suppose that C is an edge p-cover of G. Let yr, s indicate the
number of sets in the cover that contain exactly r vertices from R and s
vertices from S. We know that each yr, s0, and the properties of an edge
p-cover impose the following constraints:
:
r, s
yr, s \ r2+( p&1) \
m
2 +
:
r, s
yr, s \ s2+( p&1) \
m+m$
2 +
:
r, s
yr, s rs pm(m+m$).
A lower bound on r, s yr, s will serve as a lower bound on %p(G). This
linear programming problem can be written in matrix form as: minimize
y } b subject to the constraints yAc and y0, where y=( yr, s), b
is the vector containing all ones, c=(&( p&1)( m2 ), &( p&1)(
m+m$
2 ),
pm(m+m$)), and A is the m(m+m$)_3 matrix with row (r, s) equal to
[&( r2) &(
s
2) rs]. The dual of this problem is to maximize c } x subject to
the constraints x0 and Axb. Then due to the relationship y } b
yAxc } x, we see that each feasible solution x for the dual problem gives
us a lower bound of c } x on %p(G)=y } b.
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Claim. The vector x=(x1 , x2 , x3)=(2( p&1), 2p, 2p) is a feasible
solution to the dual problem.
To verify the claim, we need only verify that x satisfies the relation
Axb. That is, for all r=1, 2, ..., m and s=1, 2, ..., m+m$,
&\r2+ x1&\
s
2+ x2+rsx31. (4)
When r=s, the inequality (4) is equivalent to the following inequality:
x3 r2&(x1+x2) \ r2+1.
Substituting (2( p&1), 2p, 2p) for (x1 , x2 , x3) yields
&
1
p( p&1)
r2+
2p&1
p( p&1)
r&10.
Solving for r, we find that the inequality is satisfied for all r except in the
open interval ((2p&1)2& 12 , (2p&1)2+
1
2), which contains no integers.
Now we consider r<s. Let s=r+a with a>0. Since x2=x3 , we have
& \ r2+ x1&\
s
2+ x2+rsx3
=&\ r2+ x1&\
r
2+ x2&\
a
2+ x2&rax2+r(r+a) x3
<&\ r2+ x1&\
r
2+ x2+r2x3 .
The last line is at most 1 by the previous case where s=r.
The last case to consider is when s<r. Since x1>x2 ,
x1 \\r2+&\
s
2++x2 \\
r
2+&\
s
2++ .
Thus,
&\r2+ x1&\
s
2+ x2+rsx3 &\
s
2+ x1&\
r
2+ x2&rsx3
and the right-hand side of the last inequality is at most 1 by the previous
case.
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The feasible solution for x gives us
c } x=&\m2 + ( p&1) x1&\
m+m$
2 + ( p&1) x2+m(m+m$) px3
=&m(m&1)&
p&1
p
(m+m$)(m+m$&1)+2m(m+m$)
=
m2+2mm$+(1& p)(m$)2+(2p&1) m+( p&1) m$
p
=
(m+m$)2
p
&(m$)2+
2p&1
p
m+
p&1
p
m$,
which proves the lower bound of the theorem.
The Upper Bound
Consider G=Km+m$, m+m$ with V(G)=R _ S. Let a set C/V(G) be of
type (r, s) if |C & R|=r and |C & S|=s. By (1), there exists an edge p-cover
C of G such that,
|C|
(m+m$)2
p
(1+o(1)),
and from (2) we know that this is asymptotically best possible. Set C$C
to be the sets of type ( p, p). We know from the proof of (1), see [2], that
the cover C can be chosen such that
|C$|=
(m+m$)2
p
(1+o(1)).
For each B/S of size m$, set C(B)=[C # C$ : C & SB]. We consider
+, the average size of C(B) taken over all such subsets B of S :
+=
:B/S, |B|=m$ |C(B)|
\m+m$m$ +
=
:C # C$ |[B/S : |B|=m$, C & S/B]|
\m+m$m$ +
=
(m+m$)2 \m+m$&pm$&p +
p \m+m$m$ +
(1+o(1))=
(m+m$)2
p
\mp+
\m+m$p +
(1+o(1)).
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Thus, there exists a set B0 /S such that |B0 |=m$ and |C(B0)|
((m+m$)2p)( mp)(
m+m$
p )(1+o(1)). Let B$=C"C(B0) and B=[C &
V(G)"B0 : C # B$]. We see that B is an edge p-cover for Km, m+m$ and
|B|=((m+m$)2p)(1&( mp)(
m+m$
p ))(1+o(1)).
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